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Amapping f : V n −→ W , where V is a commutative group,W is a linear space, and n ≥ 2
is an integer, is called multi-quadratic if it is quadratic in each variable. In this paper, we
prove the generalized Hyers–Ulam stability of multi-quadratic mappings in Banach spaces
and complete non-Archimedean spaces.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
Throughout this paper, we assume that V is a commutative group,W is a linear space, and n ≥ 2 is an integer. Moreover,
N stands for the set of all positive integers and R (respectively, Q) denotes the set of all reals (respectively, rationals).
A mapping f : V n −→ W is calledmulti-quadratic or n-quadratic if it is quadratic in each variable; that is,
f (x1, . . . , xi−1, xi + x′i, xi+1, . . . , xn)+ f (x1, . . . , xi−1, xi − x′i, xi+1, . . . , xn)
= 2f (x1, . . . , xn)+ 2f (x1, . . . , xi−1, x′i, xi+1, . . . , xn),
i ∈ {1, . . . , n}, x1, . . . , xi−1, xi, x′i, xi+1, . . . , xn ∈ V .
In this paper,we prove the generalizedHyers–Ulam stability, in the spirit of Bourgin andGaˇvrutaˇ, of this system in Banach
spaces and complete non-Archimedean spaces.
Speaking of the stability of functional equations, we follow the question raised in 1940 by Ulam: ‘‘When is it true that the
solution of an equation differing slightly from a given one must of necessity be close to the solution of the given equation?’’
(see [1]).
The first answer (in the case of Cauchy’s functional equation in Banach spaces) to Ulam’s question was given by Hyers
(see [2]). Following his result, a great number of papers (see, for instance, [3–7] and the references given there) on the
subject have been published, generalizing Ulam’s problem and Hyers’s theorem in various directions and to other functional
equations (as the words ‘‘differing slightly’’ and ‘‘be close’’ may have various meanings, different kinds of stability can be
dealt with).
The classical works on the stability of the quadratic functional equation
g(x+ y)+ g(x− y) = 2g(x)+ 2g(y)
are [8–10], whereas some recent results on this topic can be found in [11–14]. The stability of 2-quadratic mappings was
studied in [15]. On the other hand, for some outcomes on the stability of multi-additive and multi-Jensen mappings (that is,
mappings satisfying Cauchy’s (respectively, Jensen’s) functional equation in each variable) we refer the reader to [16–18]
and the references given there.
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2. Stability in Banach spaces
We prove our first result using the fixed point method introduced by Radu in [19] (see also [20,6,11,13]). In order to do
this, let us recall that a mapping d : X2 −→ [0,∞] is called a generalized metric on a nonempty set X if and only if for any
x, y, z ∈ X we have
d(x, y) = 0 if and only if x = y,
d(x, y) = d(y, x),
d(x, z) ≤ d(x, y)+ d(y, z).
The following result from [21] will play a crucial role in the proof of our first theorem.
Proposition 1. Let (X, d) be a generalized complete metric space. Assume that Λ : X −→ X is a strictly contractive operator
with the Lipschitz constant L < 1. If there exists a nonnegative integer n0 such that d(Λn0+1x,Λn0x) <∞ for an x ∈ X, then:
(i) the sequence (Λnx)n∈N converges to a fixed point x∗ of Λ;
(ii) x∗ is the unique fixed point of Λ in
X∗ := {y ∈ X : d(Λn0x, y) <∞};
(iii) if y ∈ X∗, then
d(y, x∗) ≤ 1
1− Ld(Λy, y).
Theorem 1. Let W be a Banach space and, for every i ∈ {1, . . . , n}, let ϕi : V n+1 −→ [0,∞) be a mapping such that
lim
j−→∞
1
4j
ϕi(2jx1, x2, . . . , xn+1) = · · · = lim
j−→∞
1
4j
ϕi(x1, . . . , xi−2, 2jxi−1, xi, . . . , xn+1)
= lim
j−→∞
1
4j
ϕi(x1, . . . , xi−1, 2jxi, 2jxi+1, xi+2, . . . , xn+1)
= lim
j−→∞
1
4j
ϕi(x1, . . . , xi+1, 2jxi+2, xi+3, . . . , xn+1) = · · ·
= lim
j−→∞
1
4j
ϕi(x1, . . . , xn, 2jxn+1) = 0, (x1, . . . , xn+1) ∈ V n+1 (1)
and
ϕi(x1, . . . , xi−1, 2xi, 2xi, xi+1, . . . , xn) ≤ 4Liϕi(x1, . . . , xi, xi, xi+1, . . . , xn), (x1, . . . , xn) ∈ V n (2)
for an Li ∈ (0, 1). If f : V n −→ W is a mapping satisfying
f (x1, . . . , xi−1, 0, xi+1, . . . , xn) = 0, (x1, . . . , xi−1, xi+1, . . . , xn) ∈ V n−1, i ∈ {1, . . . , n} (3)
and
‖f (x1, . . . , xi−1, xi + x′i, xi+1, . . . , xn)+ f (x1, . . . , xi−1, xi − x′i, xi+1, . . . , xn)− 2f (x1, . . . , xn)
− 2f (x1, . . . , xi−1, x′i, xi+1, . . . , xn)‖ ≤ ϕi(x1, . . . , xi, x′i, xi+1, . . . , xn),
(x1, . . . , xi, x′i, xi+1, . . . , xn) ∈ V n+1, i ∈ {1, . . . , n}, (4)
then for every i ∈ {1, . . . , n} there exists a unique multi-quadratic mapping Fi : V n −→ W such that
‖f (x1, . . . , xn)− Fi(x1, . . . , xn)‖ ≤ 14− 4Li ϕi(x1, . . . , xi, xi, xi+1, . . . , xn), (x1, . . . , xn) ∈ V
n. (5)
Proof. Fix an i ∈ {1, . . . , n}, and put
X := {g : V n −→ W }
and
di(g, h) := inf{C ∈ [0,∞] : ‖g(x1, . . . , xn)− h(x1, . . . , xn)‖
≤ Cϕi(x1, . . . , xi, xi, xi+1, . . . , xn), (x1, . . . , xn) ∈ V n}, g, h ∈ X .
A standard verification (see for instance [20]) shows that (X, di) is a generalized complete metric space.
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Let us consider an operatorΛi : X −→ X given by
Λig(x1, . . . , xn) := 14g(x1, . . . , xi−1, 2xi, xi+1, . . . , xn), g ∈ X, (x1, . . . , xn) ∈ V
n.
Fix g, h ∈ X, (x1, . . . , xn) ∈ V n and Cg,h ∈ [0,∞]with di(g, h) ≤ Cg,h. Then
‖g(x1, . . . , xn)− h(x1, . . . , xn)‖ ≤ Cg,hϕi(x1, . . . , xi, xi, xi+1, . . . , xn),
which together with (2) gives
‖Λig(x1, . . . , xn)−Λih(x1, . . . , xn)‖ = 14‖g(x1, . . . , xi−1, 2xi, xi+1, . . . , xn)− h(x1, . . . , xi−1, 2xi, xi+1, . . . , xn)‖
≤ 1
4
Cg,hϕi(x1, . . . , xi−1, 2xi, 2xi, xi+1, . . . , xn)
≤ LiCg,hϕi(x1, . . . , xi, xi, xi+1, . . . , xn),
and consequently di(Λig,Λih) ≤ LiCg,h. Therefore, di(Λig,Λih) ≤ Lidi(g, h), which means that the operator Λi is strictly
contractive. Moreover, from (3) and (4) it follows that
‖Λif (x1, . . . , xn)− f (x1, . . . , xn)‖ = ‖14 f (x1, . . . , xi−1, 2xi, xi+1, . . . , xn)− f (x1, . . . , xn)‖
≤ 1
4
ϕi(x1, . . . , xi, xi, xi+1, . . . , xn),
and thus
di(Λif , f ) ≤ 14 <∞. (6)
Proposition 1 now shows that the sequence (Λki f )k∈N is convergent in (X, di) and its limit Fi is a fixed point of Λi.
Therefore,
1
4
Fi(x1, . . . , xi−1, 2xi, xi+1, . . . , xn) = Fi(x1, . . . , xn) (7)
and
Fi(x1, . . . , xn) = lim
j−→∞Λ
j
if (x1, . . . , xn).
This together with
Λ
j
if (x1, . . . , xn) =
1
4j
f (x1, . . . , xi−1, 2jxi, xi+1, . . . , xn), j ∈ N,
which follows easily by induction, gives
Fi(x1, . . . , xn) = lim
j−→∞
1
4j
f (x1, . . . , xi−1, 2jxi, xi+1, . . . , xn). (8)
Furthermore, from the fact that f ∈ X∗, Proposition 1, and (6), we get
di(f , Fi) ≤ 11− Li di(Λif , f ) ≤
1
4− 4Li ,
and (5) follows.
Now, fix also x′i ∈ V and note that according to (4) we have 14j f (x1, . . . , xi−1, 2j(xi + x′i), xi+1, . . . , xn)+ 14j f (x1, . . . , xi−1, 2j(xi − x′i), xi+1, . . . , xn)
− 2
4j
f (x1, . . . , xi−1, 2jxi, xi+1, . . . , xn)− 24j f (x1, . . . , xi−1, 2
jx′i, xi+1, . . . , xn)

≤ 1
4j
ϕi(x1, . . . , xi−1, 2jxi, 2jx′i, xi+1, . . . , xn).
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Next, fix k ∈ {1, . . . , n} \ {i}, x′k ∈ V and assume that k < i (the same arguments apply to the case where k > i). From (4)
it follows that 14j f (x1, . . . , xk−1, xk + x′k, xk+1, . . . , xi−1, 2jxi, xi+1, . . . , xn)
+ 1
4j
f (x1, . . . , xk−1, xk − x′k, xk+1, . . . , xi−1, 2jxi, xi+1, . . . , xn)
− 2
4j
f (x1, . . . , xi−1, 2jxi, xi+1, . . . , xn)− 24j f (x1, . . . , xk−1, x
′
k, xk+1, . . . , xi−1, 2
jxi, xi+1, . . . , xn)

≤ 1
4j
ϕk(x1, . . . , xk, x′k, xk+1, . . . , xi−1, 2
jxi, xi+1, . . . , xn).
Letting j −→∞ in the above two inequalities and using (1), we see that the mapping Fi is multi-quadratic.
Let us finally assume that F ′i : V n −→ W is a multi-quadratic mapping satisfying condition (5). Then F ′i fulfills (7), and
therefore it is a fixed point of the operatorΛi. Moreover, by (5), we get
di(f , F ′i ) ≤
1
4− 4Li <∞,
and consequently F ′i ∈ X∗. Proposition 1(ii) now shows that F ′i = Fi. 
Remark 1. The generalized Hyers–Ulam stability of bi-quadratic mappings (that is, a particular case of multi-quadratic
mappings with n = 2) was studied in [15]. However, in [15] only the case where V is a linear space was considered.
Moreover, the authors proved their Theorem 6 using a different method (namely, the so-called direct (Hyers) method) and
did not obtain uniqueness.
Remark 2. In [22], Park proved a similar result to our Theorem 1, using the direct method.
3. Stability in complete non-Archimedean spaces
Let us recall that by a non-Archimedean fieldwe mean a field K equipped with a function (valuation) | · | : K −→ [0,∞)
such that
|r| = 0 if and only if r = 0,
|rs| = |r| |s|, r, s ∈ K
and
|r + s| ≤ max{|r|, |s|}, r, s ∈ K.
In any non-Archimedean field we have |1| = | − 1| = 1 and |n| ≤ 1 for all n ∈ N.
Let X be a linear space over a scalar fieldKwith a non-Archimedean non-trivial valuation | · |. A function ‖ · ‖ : X −→ R
is said to be a non-Archimedean norm if it satisfies the following conditions:
‖x‖ = 0 if and only if x = 0,
‖rx‖ = |r|‖x‖, r ∈ K, x ∈ X
and
‖x+ y‖ ≤ max{‖x‖, ‖y‖}, x, y ∈ X .
Then (X, ‖·‖) is called a non-Archimedean space. In any such a space, a sequence (xn)n∈N is Cauchy if and only if (xn+1−xn)n∈N
converges to zero. By a complete non-Archimedean spacewe mean one in which every Cauchy sequence is convergent.
In 1899, Hensel (see [23]) discovered the p-adic numbers as a number-theoretical analogue of power series in complex
analysis. Fix a prime number p. For any nonzero rational number x, there exists a unique integer nx such that x = abpnx ,
where a and b are integers not divisible by p. Then |x|p := p−nx defines a non-Archimedean norm on Q. The completion of
Q with respect to the metric d(x, y) = |x − y|p is denoted by Qp, and it is called the p-adic number field. In fact, Qp is the
set of all formal series x = ∑∞k≥nx akpk, where |ak| ≤ p − 1 are integers. The addition and multiplication between any two
elements of Qp are defined naturally. The norm |∑∞k≥nx akpk|p = p−nx is a non-Archimedean norm on Qp, and it makes Qp
a locally compact field (see, for instance, [24]).
During the last three decades, p-adic numbers have gained the interest of physicists for their research in particular in
problems coming from quantum physics, p-adic strings, and superstrings (see, for instance, [25]).
Moslehian and Rassias in [14] proved the generalized Hyers–Ulam stability of the Cauchy and quadratic functional
equations in non-Archimedean spaces (see also [26], which seems to be the first paper dealingwith the stability of functional
equations in such spaces). After their results, some papers (see, for instance, [27,28,18,29,13,30,31]) on the stability of other
equations in such spaces have been published.
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3.1. Direct method
Our next result deals with the generalized Hyers–Ulam stability of multi-quadratic mappings in non-Archimedean
spaces. We prove it using the direct (Hyers) method (see, for instance, [6,7]).
Theorem 2. Let W be a complete non-Archimedean space over a non-Archimedean field of characteristic different from 2. Assume
also that, for every i ∈ {1, . . . , n}, ϕi : V n+1 −→ [0,∞) is a mapping such that
lim
j−→∞
1
|4|j ϕi(2
jx1, x2, . . . , xn+1) = · · · = lim
j−→∞
1
|4|j ϕi(x1, . . . , xi−2, 2
jxi−1, xi, . . . , xn+1)
= lim
j−→∞
1
|4|j ϕi(x1, . . . , xi−1, 2
jxi, 2jxi+1, xi+2, . . . , xn+1)
= lim
j−→∞
1
|4|j ϕi(x1, . . . , xi+1, 2
jxi+2, xi+3, . . . , xn+1) = · · ·
= lim
j−→∞
1
|4|j ϕi(x1, . . . , xn, 2
jxn+1) = 0, (x1, . . . , xn+1) ∈ V n+1. (9)
If f : V n −→ W is a mapping satisfying (3) and (4), then for every i ∈ {1, . . . , n} there exists a unique multi-quadratic mapping
Fi : V n −→ W such that, for each (x1, . . . , xn) ∈ V n,
‖f (x1, . . . , xn)− Fi(x1, . . . , xn)‖ ≤ 1|4| sup

1
|4|j ϕi(x1, . . . , xi−1, 2
jxi, 2jxi, xi+1, . . . , xn) : j ∈ N ∪ {0}

. (10)
Proof. Fix x1, . . . , xn ∈ V , j ∈ N ∪ {0} and i ∈ {1, . . . , n}. Putting x′i := xi in (4), and using (3), we get14 f (x1, . . . , xi−1, 2xi, xi+1, . . . , xn)− f (x1, . . . , xn)
 ≤ 1|4|ϕi(x1, . . . , xi, xi, xi+1, . . . , xn). (11)
Hence, 14j+1 f (x1, . . . , xi−1, 2j+1xi, xi+1, . . . , xn)− 14j f (x1, . . . , xi−1, 2jxi, xi+1, . . . , xn)

≤ 1|4|j+1 ϕi(x1, . . . , xi−1, 2
jxi, 2jxi, xi+1, . . . , xn),
and thus from (9) it follows that

1
4j
f (x1, . . . , xi−1, 2jxi, xi+1, . . . , xn)

j∈N
is a Cauchy sequence. Since the space W is
complete, this sequence is convergent, and we define Fi : V n −→ W by (8).
Using (11) and induction, one can show that for any k ∈ Nwe have 14k f (x1, . . . , xi−1, 2kxi, xi+1, . . . , xn)− f (x1, . . . , xn)

≤ 1|4| max

1
|4|j ϕi(x1, . . . , xi−1, 2
jxi, 2jxi, xi+1, . . . , xn) : 0 ≤ j < k

.
Letting k −→∞ in this inequality, and using the fact that
lim
k−→∞max

1
|4|j ϕi(x1, . . . , xi−1, 2
jxi, 2jxi, xi+1, . . . , xn) : 0 ≤ j < k

= sup

1
|4|j ϕi(x1, . . . , xi−1, 2
jxi, 2jxi, xi+1, . . . , xn) : j ∈ N ∪ {0}

,
we see that (10) holds.
Now, fix also x′i ∈ V , and note that according to (4) we have 14j f (x1, . . . , xi−1, 2j(xi + x′i), xi+1, . . . , xn)+ 14j f (x1, . . . , xi−1, 2j(xi − x′i), xi+1, . . . , xn)
− 2
4j
f (x1, . . . , xi−1, 2jxi, xi+1, . . . , xn)− 24j f (x1, . . . , xi−1, 2
jx′i, xi+1, . . . , xn)

≤ 1|4|j ϕi(x1, . . . , xi−1, 2
jxi, 2jx′i, xi+1, . . . , xn).
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Next, fix k ∈ {1, . . . , n} \ {i}, x′k ∈ V , and assume that k < i (the same arguments apply to the case where k > i). From (4),
it follows that 14j f (x1, . . . , xk−1, xk + x′k, xk+1, . . . , xi−1, 2jxi, xi+1, . . . , xn)
+ 1
4j
f (x1, . . . , xk−1, xk − x′k, xk+1, . . . , xi−1, 2jxi, xi+1, . . . , xn)
− 2
4j
f (x1, . . . , xi−1, 2jxi, xi+1, . . . , xn)− 24j f (x1, . . . , xk−1, x
′
k, xk+1, . . . , xi−1, 2
jxi, xi+1, . . . , xn)

≤ 1|4|j ϕk(x1, . . . , xk, x
′
k, xk+1, . . . , xi−1, 2
jxi, xi+1, . . . , xn).
Letting j −→∞ in the above two inequalities, and using (9), we see that the mapping Fi is multi-quadratic.
Let us finally assume that F ′i : V n −→ W is a multi-quadratic mapping satisfying condition (10). Then, by (9), we obtain
‖Fi(x1, . . . , xn)− F ′i (x1, . . . , xn)‖
= lim
l−→∞
1
|4|l ‖Fi(x1, . . . , xi−1, 2
lxi, xi+1, . . . , xn)− F ′i (x1, . . . , xi−1, 2lxi, xi+1, . . . , xn)‖
≤ lim
l−→∞
1
|4|l max{‖Fi(x1, . . . , xi−1, 2
lxi, xi+1, . . . , xn)− f (x1, . . . , xi−1, 2lxi, xi+1, . . . , xn)‖,
‖f (x1, . . . , xi−1, 2lxi, xi+1, . . . , xn)− F ′i (x1, . . . , xi−1, 2lxi, xi+1, . . . , xn)‖}
≤ 1|4| liml−→∞
1
|4|l sup

1
|4|j ϕi(x1, . . . , xi−1, 2
j+lxi, 2j+lxi, xi+1, . . . , xn) : j ∈ N ∪ {0}

= 1|4| liml−→∞ sup

1
|4|j ϕi(x1, . . . , xi−1, 2
jxi, 2jxi, xi+1, . . . , xn) : l ≤ j <∞

= 0,
and therefore F ′i = Fi. 
Analysis similar to that in the proof of Theorem 2 gives the following.
Corollary 1. Let V be a linear space over Q and W be a complete non-Archimedean space over a non-Archimedean field of
characteristic different from 2. Assume also that, for every i ∈ {1, . . . , n}, ϕi : V n+1 −→ [0,∞) is a mapping such that
lim
j−→∞ |4|
jϕi
x1
2j
, x2, . . . , xn+1

= · · · = lim
j−→∞ |4|
jϕi

x1, . . . , xi−2,
xi−1
2j
, xi, . . . , xn+1

= lim
j−→∞ |4|
jϕi

x1, . . . , xi−1,
xi
2j
,
xi+1
2j
, xi+2, . . . , xn+1

= lim
j−→∞ |4|
jϕi

x1, . . . , xi+1,
xi+2
2j
, xi+3, . . . , xn+1

= · · ·
= lim
j−→∞ |4|
jϕi

x1, . . . , xn,
xn+1
2j

= 0, (x1, . . . , xn+1) ∈ V n+1.
If f : V n −→ W is a mapping satisfying (3) and (4), then for every i ∈ {1, . . . , n} there exists a unique multi-quadratic mapping
Fi : V n −→ W such that, for each (x1, . . . , xn) ∈ V n,
‖f (x1, . . . , xn)− Fi(x1, . . . , xn)‖ ≤ 1|4| sup

|4|j+1ϕi

x1, . . . , xi−1,
xi
2j+1
,
xi
2j+1
, xi+1, . . . , xn

: j ∈ N ∪ {0}

.
Corollary 2. Let V be a normed space and W be a complete non-Archimedean space over a non-Archimedean field with
0 < |2| < 1. Assume also that δ > 0 and ρ : [0,∞) −→ [0,∞) is a mapping such that ρ

1
|2|

< 1|2| and
ρ

1
|2| t

≤ ρ

1
|2|

ρ(t), t ∈ [0,∞). (12)
If f : V n −→ W is a mapping satisfying (3) and
‖f (x1, . . . , xi−1, xi + x′i, xi+1, . . . , xn)+ f (x1, . . . , xi−1, xi − x′i, xi+1, . . . , xn)− 2f (x1, . . . , xn)
− 2f (x1, . . . , xi−1, x′i, xi+1, . . . , xn)‖ ≤ δρ(‖xi‖)ρ(‖x′i‖), (x1, . . . , xi, x′i, xi+1, . . . , xn) ∈ V n+1, i ∈ {1, . . . , n},
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then for every i ∈ {1, . . . , n} there exists a unique multi-quadratic mapping Fi : V n −→ W such that
‖f (x1, . . . , xn)− Fi(x1, . . . , xn)‖ ≤ δ|4|ρ(‖xi‖)
2, (x1, . . . , xn) ∈ V n.
Proof. Fix i ∈ {1, . . . , n}, (x1, . . . , xn+1) ∈ V n+1, and put
ϕi(x1, . . . , xn+1) := δρ(‖xi‖)ρ(‖xi+1‖).
Then
lim
j−→∞ |4|
jϕi
x1
2j
, x2, . . . , xn+1

= · · · = lim
j−→∞ |4|
jϕi

x1, . . . , xi−2,
xi−1
2j
, xi, . . . , xn+1

= lim
j−→∞ |4|
jϕi

x1, . . . , xi+1,
xi+2
2j
, xi+3, . . . , xn+1

= · · ·
= lim
j−→∞ |4|
jϕi

x1, . . . , xn,
xn+1
2j

= lim
j−→∞ |4|
jϕi(x1, . . . , xn+1) = 0
and
lim
j−→∞ |4|
jϕi

x1, . . . , xi−1,
xi
2j
,
xi+1
2j
, xi+2, . . . , xn+1

≤ lim
j−→∞

|2|ρ

1
|2|
2j
ϕi(x1, . . . , xn+1) = 0.
Next, note that the sequence
|4|jϕi

x1, . . . , xi−1,
xi
2j
,
xi
2j
, xi+1, . . . , xn

j∈N∪{0}
is decreasing, and therefore
sup

|4|j+1ϕi

x1, . . . , xi−1,
xi
2j+1
,
xi
2j+1
, xi+1, . . . , xn

: j ∈ N ∪ {0}

= |4|ϕi

x1, . . . , xi−1,
xi
2
,
xi
2
, xi+1, . . . , xn

.
To get our assertion, it is sufficient to use Corollary 1. 
Example 1. Let 0 < |2| < 1 and p ∈ (0, 1). Then the mapping ρ : [0,∞) −→ [0,∞) given by
ρ(t) := tp, t ∈ [0,∞)
satisfies (12), and ρ

1
|2|

< 1|2| .
3.2. Fixed point method
We will finally apply the fixed point method to get the following.
Theorem 3. Let W be a complete non-Archimedean space over a non-Archimedean field of characteristic different from 2. Assume
also that, for every i ∈ {1, . . . , n}, ϕi : V n+1 −→ [0,∞) is a mapping such that (9) holds and
ϕi(x1, . . . , xi−1, 2xi, 2xi, xi+1, . . . , xn) ≤ |4|Liϕi(x1, . . . , xi, xi, xi+1, . . . , xn), (x1, . . . , xn) ∈ V n (13)
for an Li ∈ (0, 1). If f : V n −→ W is a mapping satisfying (3) and (4), then for every i ∈ {1, . . . , n} there exists a unique
multi-quadratic mapping Fi : V n −→ W such that
‖f (x1, . . . , xn)− Fi(x1, . . . , xn)‖ ≤ 1|4| − |4|Li ϕi(x1, . . . , xi, xi, xi+1, . . . , xn), (x1, . . . , xn) ∈ V
n. (14)
Proof. Fix an i ∈ {1, . . . , n}, and define X, di and Λi as in the proof of Theorem 1. Then (X, di) is a generalized complete
metric space and Λi : X −→ X . Fix g, h ∈ X, (x1, . . . , xn) ∈ V n and Cg,h ∈ [0,∞] with di(g, h) ≤ Cg,h. Then, by (13), we
obtain
‖Λig(x1, . . . , xn)−Λih(x1, . . . , xn)‖ = 1|4| ‖g(x1, . . . , xi−1, 2xi, xi+1, . . . , xn)− h(x1, . . . , xi−1, 2xi, xi+1, . . . , xn)‖
≤ 1|4|Cg,hϕi(x1, . . . , xi−1, 2xi, 2xi, xi+1, . . . , xn)
≤ LiCg,hϕi(x1, . . . , xi, xi, xi+1, . . . , xn),
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and consequently di(Λig,Λih) ≤ LiCg,h. Therefore, di(Λig,Λih) ≤ Lidi(g, h), which means that the operator Λi is strictly
contractive. Moreover, from (3) and (4), it follows that
‖Λif (x1, . . . , xn)− f (x1, . . . , xn)‖ ≤ 1|4|ϕi(x1, . . . , xi, xi, xi+1, . . . , xn),
and thus
di(Λif , f ) ≤ 1|4| <∞. (15)
Proposition 1 now shows that the sequence (Λki f )k∈N is convergent in (X, di) and its limit Fi is a fixed point of Λi.
Therefore, (7) and (8) hold. Furthermore, from the fact that f ∈ X∗, Proposition 1, and (15), we get
di(f , Fi) ≤ 11− Li di(Λif , f ) ≤
1
|4| − |4|Li ,
and (14) follows. Analysis similar to that in the proof of Theorem 2 shows that the mapping Fi is also multi-quadratic.
Let us finally assume that F ′i : V n −→ W is a multi-quadratic mapping satisfying condition (14). Then F ′i fulfills (7), and
therefore it is a fixed point of the operatorΛi. Moreover, by (14), we obtain
di(f , F ′i ) ≤
1
|4| − |4|Li <∞,
and consequently F ′i ∈ X∗. Proposition 1(ii) now leads to F ′i = Fi. 
Remark 3. Analyzing the proof of Theorem 3, one can obtain a result similar to Corollary 1 and deduce from it an analog of
Corollary 2.
Remark 4. Theorems 2 and 3 correspond to Theorem 3.1 from [14], which concerns the generalized Hyers–Ulam stability
of quadratic functional equation in non-Archimedean spaces. However, the authors proved it using only the direct method.
Moreover, they needed an additional hypothesis to get uniqueness. Let us finally remark that in [14] the assumption that
the characteristic of a non-Archimedean field is different from 2 is missing (it is necessary to guarantee that |4| ≠ 0).
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